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Abstract

This paper presents numerical models of radiative heat transfer in glass manufacturing that can be performed on normal workstations,
yet are sufficiently accurate for many practical applications. Since many of the glass production processes are so complex that a complete
simulation is still unthinkable at present, there is a great interest for such models in order to optimise final glass products. We use simplified
approximations of spherical harmonics to obtain approximate solutions of high accuracy in optically thick regimes. The arising systems of
partial differential-algebraic equations of mixed parabolic—elliptic type are numerically solved by a self-adaptive discretization method base
on an error-controlled finite element method in space and a one-step method of Rosenbrock-type with variable step sizes in time. The method
itself judges the quality of the numerical solutions and determines adaptive strategies to keep the discretization error below a user-prescribed
tolerance. Multilevel techniques based on reliable and efficient a posteriori error estimators and time embedding are used to improve the
spatial discretization by local refinement and to steer the step size selection routine. We present numerical results for a typical step in glass
manufacturing, the cooling of a glass cube. Our approximate solutions are validated with solutions to the full radiative transport equation and
compared to Rosseland approximations widely used in the engineering practice. The results show that simplified approximations of spherical
harmonics are efficient and sufficiently accurate. They are a significant improvement of the classical diffusion models.

0 2005 Elsevier SAS. All rights reserved.
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1. Introduction dustry in many areas, the glass industry is in great need for

efficient simulation tools in order to optimise glass produc-
Radiative heat transfer plays an important role in glass tion processes.

manufacturing. Because of the high temperature at which ~ Thermal radiation has to be modelled by equations that

glass is processed, radiation has to be taken into account tanvolve the direction- and frequency-dependent thermal radi-

accurately compute the temperature distribution in the glass.ation field due to the energy transport by photons. The model

The temperature has large influence on the precise chemicalve consider consists of a heat equation for the temperature

composition, the viscosity and the internal stresses affect-7'(x, t) and a transport equation with isotropic scattering for

ing the quality of the resulting products or devices. Cracks the intensityl (x, ¢, v, s):

and other defects may cause a high failure rate of finished ~

end-products. Due to the growing success of the polymer in-

omCm T —V - (k,VT) = —//K(Bm(T, V) — 1) dsdv

_— vo §2
2 A preliminary version of this paper was presented at CHT-04: An § (1)
ICHMT International Symposium on Advances in Computational Heat
Transfer, April 2004, G. de Vahl Davis and E. Leonardi (Eds.), CD-ROM . _9
Proceedings, ISBN 1-5670-174-2, Begell House, New York, 2004 Yv>vor s- VIt (o + i)l = A Ids+ kB (T, v)
* Corresponding author. 52
E-mail address; lang@mathematik.tu-darmstadt.de (J. Lang). (2)

1290-0729/% — see front mattét 2005 Elsevier SAS. All rights reserved.
doi:10.1016/j.ijthermalsci.2005.04.001



1014

A. Klar et al. / International Journal of Thermal Sciences 44 (2005) 1013-1023

Nomenclature

ai, az
B

b;

c

co

Cm

constants

Planck function

coefficient of ROM

speed of light in the medium
speed of light in vacuum
specific heat capacity
coefficients of ROM

space dimension

constants

local spatial error

convective heat transfer coefficient
Planck constant

Intensity

Jacobian

Boltzmann constant

thermal conductivity

thermal conductivity caused by radiation
linear differential operator
outward normal vector
refractive index

refractive index of air
refractive index of glass

finite element space
Rosenbrock method
constants

direction ons?

specular reflection of

unit sphere

finite element space
simplified Py

time

final integration time
temperature

ambient and initial temperature
vectors

Cartesian spatial coordinates

Greek symbols
o mean hemispheric surface emissivity
a1, @2 constants
ojj coefficient of ROM
1, B2 constants
y stability parameter of ROM
y1,y2 constants
€ dimensionless parameter
&n estimator of the local temporal error
n, nr  local discretization errors
K, Ki absorption
u1, 42 constants
v frequency
) upper bound of opaque spectral region
¢,¢; integrated intensity
Y1, Y2 functions related t@
0 reflectivity
Pm density
o,0;  Scattering
o) union of finite elements
w; weights
2 convex space domain
082 boundary of2
1;, T, lime steps
O, O, refraction angles in glass and air
& finite element ansatz function
Subscripts
m medium, or dimension of vectors
n time level
i stage level of ROM, or frequency band
ref reference quantities
h mesh width
Superscript
n time level

where(x, ¢, v, ) € 22 x [0, .) x [0, 00) x S2 for the spatial,
time, frequency, and directional variables. Hepeis a given
two- or three-dimensional convex space domain with bound-
ary 952 and 52 is the unit sphere. The physical parameters
are denoted by, for the density¢,, for the specific heat ca-
pacity, k. for the thermal conductivity for the absorption,

ando for the scattering.

The Planck function or monochromatic black-body inten-

sity is defined as

2
By(T,v)="2
C

with & p := 6.62608x 1034 Js for the Planck constant and
kp := 1.38066x 10723 J.K~1 for the Boltzmann constant.

thl)s
2 hpv/(ksT) 1

3)

The refractive index,, is the ratio of the speed of light in
vacuum and within the medium
ny = 2 (4)

c
We introduceB,ir(T, v) and Bgjasd T, v) settingn,, :=n, =
1 for air andn,, := n, = 1.46 for glass in (3). The specific
frequencyvg defines the opaque intenvid, vg] of the spec-
trum. On the boundar§s$2, the temperature satisfies

kn-VT =ho(Ty — T)
Vo
+am /(Bair(Tb, v) — Bair(T, V)) dv )
0

where we assume the outside medium to be air. The heat
flux through the boundary is determined by free convection
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of the surrounding air and diffusive surface radiation [1]. is the simplest diffusion approximation and therefore the
Here,n = n(x) denotes the outward normalinc 052, A, is fastest method for radiative heat transfer. Although its as-
the convective heat transfer coefficiefif,the ambienttem-  sumptions are often invalid, it is widely used in existing
perature, and is the mean hemispheric surface emissivity simulations of glass production. Improved diffusion approx-
in the opaque spectral region. In our computation, we use imations are proposed in [11].

o = 0.914. The temperature at the beginning is prescribed In this paper, we consider simplifieRly -approximations

by (SPy) applied to optically thick situation&Py-approxima-
tions were firstly proposed by Gelbard [12] and later on

T(x,0=To(x), xes ) theoretically founded by Larsen et al. [13]. In [14] tB@y -
Since Eq. (2) for the intensity is a first order differential equations have been tested fairly extensively for various ra-
equation, we need to specify incident radiation Bn := diation transfer problems in glass and have proven to be an
{(x,9) € 382 x §% n(x) - s < 0}. It is described by semi- efficient way to improve the classical diffusion approxima-
transparent boundary conditions tions. They yield accurate approximations to the RHTE even
when the regime becomes less diffusive.
I(x.t,v.9) The SPy-approximations result in a system of partial dif-
=p(-9I(X,t,,5) ferential algebraic equations (PDAE) of mixed parabolic—
+ (1= p(n-9)Bgasd Ty, v), (X, 9 el~ @) elliptic type. Th'is PDAE-system can thgn bp attackegl by a
i _ fully adaptive discretization method which is able to judge
wheres = s—2(n-s)n is the specular reflection sfon 9.2. the quality of the numerical approximation and to determine

The reflectivity p € [0, 1] determines the amount of radia- 5, adaptive strategy to improve the accuracy up to a user-
tive energy that is reflected and can be found using Fres”ersprescribed tolerance where needed. In this work, we use
reflection equation a combination of an error-controlled finite element method
o(n-9 1 [tanz(@g -0, SO, — @a)} @® based on Itocal grittr:i] rgfir}elmentland arn ?‘tﬁcien[tl\éalriGa]bll\(; sltep

"8 =7 , size one-step method of linearly implicit type [15,16]. Mul-

2L tark( + Oa) sz(@g +0a) tilevel techniques based on reliable and efficient a posteriori
where the refraction angle8, and®, in glass and air are  error estimators and time embedding are used to improve the
given by cos9, = |n - s| and by Snell's law spatial discretization in each time step and to steer the step
size selection routine. These features free us from designing
special fixed meshes and step sizes where a priori knowledge
Sincen, < ng, a critical angle®; = arcsin(ng/ng) exists, about the regions of main solution activities is required and
such that the refraction direction is parallel to the surface. from tuning various solution parameters. The method saves
For angles greater tha®;, all radiative energy is reflected, a vast amount of computer power and can be performed on
i.e., p = 1. We assume that the reflectivity does not depend normal workstations.
on frequency. Since not much data is available about the re-  The paper is organized as follows. First, we formulate
flective interaction between glass and opaque boundaries, wesimplified SPy -approximations in dimensionless form and
do not distinguish between opaque and nonopaque part ofstate models that are based on frequency bands with piece-
the spectrum at the boundary. Note that many physical as-wise constant absorption and scattering rates. Then we de-
sumptions have to be taken into account to derive well-posedscribe our adaptive time and space discretizations. Finally,
models for radiative heat transfer. For more details on thesenumerical two- and three-dimensional simulations are pre-
assumptions, we refer to [2-4]. sented and a conclusion is given.
Egs. (1)—(7) form our radiative heat transfer model. The

intensity! is not only a function of the spatial coordinate and
the time, but also depends on two directional coordinates andy - implified Py-approximations
the frequency. Even with the permanently growing computer
power, this high dimension O_f the phase space make§ the We rewrite the RHTE in a dimensionless form, introduc-
numerlcal. s_olutlon of the rqdlanve hgat tr_ansfer .equatlons ing the following non-dimensional variables
(RHTE) difficult and expensive, especially in real-life three-

ng SiN@g =n, SiNO, (9)

dimensional applications. Nowadays there is an increasingt* _ S T — T I s
activity to derive numerical models for the RHTE that are = ™ .’ " xref T Tret T et
computationally less time consuming, yet sufficiently accu- o . K

rate. Among others, we find the ray-tracing method [5-7] ¢ = ;"= T et + Kretf

which solves (2) exactly along rays for a given temperature ‘ h.

distribution, the discrete ordinate method, where only a fi- k} = ——, hE=—=

kc,ref hc,ref

nite number of directions is considered [8,9], the method of
spherical harmonicsHy-approximations), and various dif- where the subscript ref corresponds to reference quantities.
fusion approximations. The Rosseland approximation [10] We impose the relations
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tref = Cim Pom (Gref_i_Kref)erefE tested [4,14]. These models are able to describe boundary
Iret layers more accurate while keeping the computational com-
Ko rof = Iref he ot = Iref plexity on an acceptable level.
“ (oref + kref) Tref “ Tref The SP;-approximation for the RHTE reads
and introduce the dimensionless parameter )
1
1 T —V-kVT)=| V- | ———Vo¢ )d 18
TV 69D= [V (3t ove)w

€l =———
(oref + Kref) Xref

which satisfies O< € « 1 in the optically thick, diffusive

regime. The system of scaled equations reads

€23, T — €2V - (k,VT)

=— / / k€ (Bgjasd T v) — 1) dsdv (10)

vo §2
€S-VI+ (o +k)l

= % / Ids+k Byasd T, v) YV > 1o (11)
S2

€k.n-VT
Vo
=h(Tp, —T) +ar /(B;ir(Tb, v) — B3 (T, v)) dv (12)
0
I(X,t,v,9)
=p(N-9I1(X,1,v,8)+ (1—p(n- s))BSlass(Tb, v) (13)
T (X, 0) = Tp(X) (14)

Vo

—e2vy . <#V¢> + k¢
3(0 +«)
=4k BT, v) Yv>1g (19)

glas
with the integrated intensity = [, I ds and the boundary
and initial conditions

he
ken-VT = =<(T, — T)
€

Vo
+ % / (BZ(Tyv) — BL(T.v))dv  (20)
0

€ _ 1-2r % B

T (X, 0) = To(X) (22)
wherer; = 0.2855742 ana, = 0.1452082 for the glass—air

boundary interface (see [14] for a detailed analysis). From

(19), we getp = 47 By (T, v) + O(e?). Using this relation
in (18), we recover the Rosseland approximation (15).
The SP3-approximation is given by

where we have dropped the asterisk of the dimensionless

variables for ease of notation. The expressRjj(7T, v) is
defined by

By (T - Tret, v)

B! (T,v):= T
re

If scattering is large and absorption weak, an asymptotic (for

€ < 1) expansion of (10)—(14) yields treguilibrium diffu-
sion or Rosseland approximation

T =V - ((ke + k- (T))VT) =0

o0
47

1
kr(T) = ? f O'—_f_KaTBSIaSS(T’ U) dv (15)

Vo
€k.n-VT
Vo
=h(Tp —T) +ax /(B;ir(Tb, v) — B (T, v))dv (16)
0
T (x,0) = To(X) a7

Unfortunately, this relatively simple diffusion approxima-
tion gives unsatisfactory results for boundary layers which

T —V - (k;VT)

[e.e]

1
= / V. (—V(allﬁl + azl/fz)) dv (23)
o+«

Vo

12
—€%V . (—1W/1> + kY1
o +k

=47k Byjasd T, v) Vv > 10 (24)
12
—€%v - <—2v¢2> + kYo
o +K
=47k Byjasd T, V) Vv > 1g (25)

with the boundary and initial conditions

h
ken-VT = —=(T, — T)

€
vo

oI % %
+ - (Bair(Ty, v) — B3 (T, v)) dv (26)
0

N V1 = y17 Byjasd T, v) — 011 — far2 (27)

o +k

are already present in glass cooling processes due to large .

temperature gradients at the boundary.
Recently, higher-order asymptotic corrections einto
the Rosseland approximation known as simplifi@g -

approximations $Py) have been derived and numerically

il V2 = yart Biasd To v) — f1y1 — a2 (28)
T (X, 0) = Tp(x) (29)

The constants appearing in the equations are
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1 . [5
1 /6

The integrated intensity can be recovered from a linear
combination ofyr; andiyr

b= day1 — dia
T da—dq
. 5 6
with dn=?<1+ 3(—1)”/%), n=12 (30)

For the boundary conditions, we find for the glass—air inter-
face [14]

a1 =0.084075389781548382

ap =0.872433935441263020

B1 = —0.08086509944859642

B2 = —0.29284032175563224

y1 = —0.83505972789633554

y2 = 3.1662753439706663

The SP;1- and SP3-equations are independent of the direc-

tional variables. They are @¢?)- and Qe®)-approximations
to the full RHTE. Numerical simulations presented in [4,

14] and in the present paper show that these equations give

accurate results in the optically thick and diffusive regime
(e <« 1), but also when the problem becomes less diffusive.

The boundary conditions described above are obtained from
variational principles and, in special cases, reduce to Mar-

shak boundary conditions which are well-known in neutron
transport.

3. Frequency bands model

The SPy-approximations still contain the frequency vari-
ablev. In simulations of glass cooling, frequency is usually
split up into frequency bandp;_1,v;], i =1,2,..., N,

with vy = co and piecewise constant absorption and scat-

tering rates

K (V) =k,

forvelvi_,v],i=1,...,N (31)

o(v) =o0;

Defining the new variables
¢i = / ¢ dv, Yn,i = / Yndv, n=12 (32)
Vi—1 Vi—1

and integrating Egs. (19), (21), (24), (25), (27), and (28) over
[vi_1, v;i], we finally end up with a system a¥ + 1 and

2N + 1 partial differential-algebraic equations (PDAES) for
the SP1- and SP3-approximation, respectively.

SP;-approximation.

N
1
T —V - (k,VT) = ;v : <mv¢,~>

1
2
v [ v b
‘ (am+wo @>+“@
v
=4mk; / Bs|ass(T,v)dv, i=1...,N
vi_1

N

1
k.n-VT —n-V¢;
‘ +;3(Ui+/<i) 4

vo
h
€
0

1—2 N Vi
—2n .
+ mZ@r [ et o0,

i=1 i1

2

— & n.vg
3(C7i+Ki)n ¢

= M (47'[ f BSIass(Th’ v)dv — ¢;

2+ 6r

Vi—1

i=1,...,N
T (x,0) = To(X)

SP3-approximation.

T —V - (k.VT)
N

1
=) V. ( V(a1yn,i +azl//2,i)>
pr i+ K

O; T Ki

U2
—JV-(—ifvwh>+mwm

o; +Ki
v;
=4mk; / BSIas§T’ wdv, i=1...,N

Vi—1

2
o; +Ki

Vl/fz,i) +Kkipo;

Vi

i1 O T K
Vo
<
- €
0

N-(@Vyn,; +axViyn;)

1017

(33)

(34)

=—(T,—T)+ % /(B;ir(T,,, V) — By (T, v)) dv

) (35)

(36)
(37)

(38)

(39)

(40)

h (0% 4 N *
=—"(Tp,—T)+ — /(Bair(Tb, V) — B(T,v)) dv
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o0

T

+ Z(alyl + azy2) f Bgjasd T, v) dv
vo

1

—c Z((alal + azB1) V1 + (a1Bo + axa2) ;)
i=1
(41)

2.2
€e“ug

o; + ki

n-Vyy;
BiasdTp, v) dv — 11 ; — /321#2,[) (42)

2,2

€15
—=n- -V,
Gi—l-K,'

=eus (yzn
vi—1

i=1,...,N
T (X, 0) = To(X)

Bgiasd Tp, v) dv — B1y1,; — Otzl/fz,i) (43)

(44)

The boundary conditions are formulated in such a way that

they can be directly used in a variational formulation of the
underlying PDAEs.

A. Klar et al. / International Journal of Thermal Sciences 44 (2005) 1013-1023

from the linear elliptic equations settirfg= Ty in (34), (39)
and (40).

The principle difficulties in solving the system (45), (46)
numerically are the strong nonlinearities, the differential—
algebraic structure, and the presence of differential operators
making the problem infinitely stiff. In such a situation, an
implicit or semi-implicit discretization method should be ap-
plied to integrate in time. We use linearly implicit methods
of Rosenbrock type which are constructed by working the
exact Jacobian directly into the formula—an idea which was
first proposed by Rosenbrock [17]. Applied to (45), (46) a
so-calleds-stage Rosenbrock method has the recursive form

s
Vp =Vp—1-+ Zblv?

(47)
i=1
H
( +A(Vn_1))V7
yfn
i-1 i-1
— 2 ..
_ZEHv;’. — V.J<vn1+za,]v';>
Jj=1 Jj=1
i—1
—R(v,,_1+za,;,~v7>, i=1...s (48)
j=1

where v, denotes an approximation of(z,) at t, =

The SPy-equations described here give accurate results 2_i=1...., T_and A is the Jacobian matrid(V - J(v) +
for many problems in glass manufacturing. Nevertheless aR(v))/dv. The coefficientsy, a;;, cij, andb; are chosen

more detailed investigation of the applicability of the ap-

to obtain good stability properties for stiff equations and a

proximations in special cases like systems with void regions desired order of consistency. In this work, we have used the
and nonconvex domains has to be performed. For further dis-third-order Rosenbrock solver ROS3P with three stages pro-

cussions we refer to [14] and the literature given there.

4. Adaptivetime and space discretizations

Each of the systems described above can be written in an

abstract form of a quasilinear initial-value problem

Hov+V-JV)+RV)=0 in£ x[0,¢) (45)
vit=0=V" inQ (46)
where

T for the Rosseland approximation

(T, $1,....68)"
V= for the SP1-approximation

(T, Y10, Y21, o ULNS Y2N) T
for the SP3-approximation

is the m-dimensional solution vector withm = 1, N +

1, 2N + 1, respectively. Then x m-matrix H is diagonal
and has one nonzero entry, i.él,= diag(1,0,...,0). The
first component of the source vectl(v) that corresponds
to the temperature vanishes. The flux vector) is supple-
mented with the boundary conditions stated above. Initial
values forg;, 1, ¥2;,i =1,..., N, have to be calculated

posed in [18]. The corresponding coefficients are presented
in Table 1. The fundamental idea of linearly implicit meth-
ods is that for the calculation of the intermediate valés
i=1,...,s,only asequence of linear systems with one and
the same operator have to be solved. An iterative Newton
method as known from (fully) implicit time discretizations
is no longer required. More details can be found in [19].

The specific structure of the Rosenbrock method (47),
(48) allows us to construct an embedded solution of inferior
order

s
Vi=Va1+ Y bFVE (49)
i=1
replacing the coefficients; in (47) by a different set of co-
efficientsb?. The embedded solution of ROS3P has order

Table 1
Set of coefficients for the 3-stage ROS3P method [18]

y = 7.88675134594812901

ap1 = 1.267949192431123€00
g1 = 1.267949192431123€00
a3 = 0.000000000000000€00

b1 =2.000000000000000€00
bp =5.773502691896258€01
b3 =4.226497308103742e01

21 = 1.607695154586736€00
31 = 3.464101615137755€00
32 = 1.73205080756887 700

bj =2.113248654051871e00
b3 =1.000000000000006€00
b3 = 4.226497308103742e01
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two. The difference between the two solutions is then used right-hand side of théth equation in (48). Since the oper-
to estimate the local temporal error by ator L,, is independent of its calculation is required only

" once within each time step.
en = IVn =Vl (50) After computing the approximate intermediate values,
In practical applications it is often decisive to choose the a posteriori error estimators can be utilized to give spe-
norm carefully in order to reflect accurately the scale of the cific assessment of the error distribution. The spatial errors
problem. We employ here the weighted root mean square€/ =V} —V?, are estimated by solving local Dirichlet prob-

norm lems on small subdomains. Let be the union of two el-

m . 12 1/2 ements having one common edge and dg} consists of
i L i =10 all continuous vector functions the components of which

Ve =Ville:=(=>_ 5 (51) , _

o w; are polynomials of second order on each element belonging
) ] - to w. The local error€! are then approximated &/, € 0.,

with weights satisfying '

wi =ATOL; +RTOL [ Un.illLz2) (52) (Ln€po &)= (7 (&L +Vip - & ap+Viian)

Here,U, = (U, 1, ..., U,.») should be a good approxima- —L,V},, 5) (55)

tion to the actual solution at=¢,. The values ATOL and o .
. . ' =0 ond =1...,s foral&e 56

RTOL; have to be selected carefully to furnish meaningful " @t s §€ Qo (56)

input for the error control. Once the approximate local spatial errors have been com-

Given a tolerance TOLfor the time discretization, a stan-  puted, we can estimate the local error of the discrete Rosen-
dard strategy is to choose the step size of the time step acProck solutionv, , =Vy—14 +3>_;_y bV}, by
cording to

TOL,&,_1\ Y3 n=
Tn < tzgn l) - (53)
Ty—1 &5

N
PVp_1n+ Y bi€l,
i=1

(57)

Tn+l= 4
Here, Pv,_1 stands for the projection error resulting from
The proposed step, 1 is then executed. If the new error  representing the old solutiow,_1,, on the new mesh de-
en+1 cOmputed from (50) is less than TQlthe solution  signed forv, ;. The error estimaton is an asymptotically
Vn+1 is accepted. Otherwise, the solution is rejected and the upper bound for the norm of the local error. For more de-
time step is repeated with a reduced value,qf;. Formula tails, we refer the interested reader to [15]. The estimation
(53) is related to a discrete Pl-controller first established by procedure is applied all over the computational domain. In
Gustafsson et al. [20]. order to produce a nearly optimal finite element mesh, sub-
The linear problems (47), (48) have to be solved for the domainsw; having an errom, larger than the mean square
intermediate valuey’,i =1,...,s. To getthe right bound-  value of all errors are refined. In the two-dimensional case,
ary conditions, the Rosenbrock scheme (47), (48) must beelements marked for refinement are divided into four con-
also applied to the nonlinear algebraic equations describinggruent trianglesréd refinement). After that triangles with
the solution on the boundary. The arising elliptic bound- two or three refined edges are compulsory refirest tri-
ary value problems are solved by a multilevel finite element angles with only one refined edge are subdivided into two
method. The main idea of the multilevel technique consists triangles ¢reen closure).Green elements are removed be-
of replacing the solution space by a sequence of discretefore the next refinement to avoid bad geometric properties of
spaces with successively increasing dimensions to improvethe triangulation. This refinement strategy has been success-
the approximation property. It has proven to be a useful tool fully extended to three space dimensions and is nowadays
for drastically reducing the size of the arising linear systems standard (see, e.g., [15] and references therein).
and to achieve high and controlled accuracy of the spatial The refinement technique described above equilibrates
discretization [15,21,22]. the local error over the whole mesh in several iterations and
The starting point of the finite element method is the weak improves the finite element solution until a fixed spatial tol-
formulation of (47), (48). Let2,, be a permissible triangu-  erance
lation of 2 ¢ R? into finite elements and Ief} consists of 1/2
all continuous vector functions the components of which are (Z n;f) < TOL, (58)
polynomials of first order on each element. We use triangles * &
for d = 2 and tetrahedra faf = 3. The finite element ap-  is achieved. Coarsening takes place only after an accepted
proximationsVy, e St,i=1,...,s, havethento satisfy the  time step before starting the multilevel process. We identify
equations regions of small errors by theif-values. We coarsen a re-
n n 1 ion w if n does not exceed a quarter of the mean square
(LaViy.§) = (r}.8) forallges; (54) 3alue of alln;, computed for the f?nest mesh.
whereL, is the weak representation of the differential oper- The linear systems are solved by thecBsTas-algo-
ator at the left-hand side in (48) anfi stands for the entire  rithm preconditioned with anLu—-method.
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5. Numerical simulations

The application that we study in our numerical simu-
lations, is the cooling of a glass cube representing a typ-
ical fabrication step in glass manufacturing. We consider

length intervalgx;_1, A;], we computed the corresponding
frequency bands using the relation

co
T Aing

The values used are given in Table 2. Furthermore, we set

clean glass, which means that the treatment of scattering

can be omitted. The nonopaque frequency inte¢vgl co)

ke=1,  h,=000L  T,=300

is approximated by an eight-band model kindly provided by and start with a uniform temperature distributi(x) =

ITWM [23]. Since the data are originally defined by wave-

Table 2

Absorption rates of an eight frequency bands model kindly provided by

ITWM [23]

Bandi v;_1 [10%3s7Y) v, (10871 4 (um] A;_q [um] & (ML)

1000. The time integration is stoppedrat 0.001.
Our main interest is focused on two aspects:

e How accurate ar&P;- andSP3-approximations?
e What is the impact of adaptivity in space and time?

To give an answer to the first question, we validSiy -

- 0 29334638 7100 () opaque ) ) : .
solutions with numerical solutions to the full RHTE for
L 29334638 223744 6 10 713600 € =1.0 ande =0.1. The full RHTE is solved by a diamond
2 34223744 37334994 % 6.0 57632 i ing di o led with a di di
3 37334994 5631659 45 55 27698 ifferencing discretization coupled with a discrete ordinate
4 45631659 51335616 40 45 27.98 method which uses 60 directions [24,25]. This is for the
5 51335616 58669276 FH 40 1545 present situation sufficient to obtain an accurate solution for
6 58669276 68447489 L 35 7.70 the transport problem provided the spatial grid is chosen fine
7 6.8447488 105712329 @ 30 0.50 ;
8 1026712329 oo 0.0 02 040 enough. For the second aspect, we present results obtained

p=
AT
it

1y
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7
&
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Fig. 1. Two-dimensional temperature distributions and spatial meshes-erio, 112 resulting fromSP3-approximations at, = 0.001 fore = 1.0 (left) and
€ = 0.1 (right). The temperature axis ranges from 300 to 1000. Strong refinement takes place in the boundary layer due to the large temperature gradient
there.
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Fig. 2. Comparison of two-dimensional temperature distributions-2t0.001 along the ling = 0.5 for ¢ = 1.0 obtained from different radiation models. The
SP3-solution matches very well with the RHTE solution inside the glass cube. Some differences are visible in the boundary rednR:-Bpgiroximations
give much more accurate results than the Rosseland approximation.
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Fig. 3. Comparison of two-dimensional temperature distributiong 2t0.001 along the liney = 0.5 for ¢ = 0.1 obtained from different radiation models.
The SP1- andSP3-solution match very well with the RHTE solution inside the glass cube. The differences in the boundary region are acceptable. Both models
give much more accurate results than the Rosseland approximation.

. . . . o ADAPTIVE TIME STEPS
Two-dimensional glass cooling. We consider an infinitely

. 0.0004 : : : : ;
long square glass block which allows us to use a two- EPS=1.0, TOLT=0.005 —}—
dimensional approximation on the scaled square domain 0.00035 - Epg-0.1, TOLT=0.005 - 1
2 =[0,1)° 0.0003

In Fig. 1, we show temperature distributions at the fi- 0.00025
nal timez, = 0.001 obtained for theSP3-approximation. g ’
As expected, the strongest cooling takes place in the cor- g, 0.0002
ners of the computational domain. The meshes automati-t; 0015
cally chosen by our adaptive approach are highly refined . ]

. 0.0001 . -

at the boundary caused by the steep temperature gradients ;
there. The number of spatial points necessary to reach a 5e-05 E
relative spatial tolerance TQL= 0.005 fore = 0.1 ranges 0 ‘ ‘ ‘ .#
from 16000 at the beginning to 4000 at the end of the 0 0.0002  0.0004 0.0006 0.0008  0.001
time interval. In this case, a stable uniform discretization of TIME

the two—d|men3|onal RHTE rqulfes the SOIUUOF_' of a lin- Fig. 4. Adaptive time discretization with TQL= 0.005 for the
ear system with more than8 million unknowns in each  yo-dimensionalSPz-approximation. For both parametets= 1.0 and
time step, whereas the dimension of the linear algebraic ¢ = 0.1, the time step rapidly increases, leading to a substantial saving in
systems for the adaptivBP3-approximation is not greater ~ computer time with respect to a constant time step procedure. The last short
than 272 000. time steps are chosen to reach exactly the final time.

In Figs. 2 and 3, thesPy-solutions are compared to
the full RHTE- and Rosseland approximation. As asymp- 1E — 6 for ¢ = 1.0 ande = 0.1, respectively, the time steps
totic analysis predicts, th&Py-solutions become better for  rapidly increase by two orders of magnitude reflecting the
smallere. In particular, they reconstruct the temperature near ongoing diffusive smoothing in the boundary layer. The last
the boundary much more accurately than the Rosseland apshort time steps are chosen to reach exactly the final time.
proximation which is often used in engineering practice. Altogether 9 and 24 time steps are needed. In contrast, a
Fig. 4 depicts the evolution of time steps using TGL uniform time discretization yielding the same accuracy, re-
0.005. Starting with initial step sizeg = 1E— 5 andr; = quires 100 and 1000 steps, respectively.
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Fig. 5. Three-dimensional temperature distribution and adaptive spatial me&gh-0j®, 13 resulting from theSP3-approximation at, = 0.001 fore = 1.0.
We removed one small cube to present details from inside the glass cube. Refinement takes place in the boundary layer due to the large temp@gature gradie
there. The adaptive mesh consists of 82 705 grid points.
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Fig. 6. Comparison of three-dimensional temperature distributioms-at0.001 along the liney = z = 0.5 for ¢ = 1.0 obtained from different radiation
models. TheSP3-solution matches very well with the RHTE solution, whereas the Rosseland approximation gives quite poor results.
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Fig. 7. Comparison of three-dimensional temperature distributioms-at0.001 along the liney = z = 0.5 for ¢ = 0.1 obtained from different radiation
models. TheSP; - andSP3-solution match very well with the RHTE solution and give much more accurate results than the Rosseland approximation.

Three-dimensional glass cooling. We consider a glass capture these boundary layers, the use of local refinement is
block which is represented by a scaled cube- [0, 13 essential.

Fig. 5 displays theSPz-solution for e = 1.0 and the The mesh shown in Fig. 5 consists of 82 705 nodes, lead-
adaptive three-dimensional grid chosen by our method for ing to a linear system of order 1 405 985. A uniform method
TOL, = 0.01. As already observed in the two-dimensional requires approximately 250 000 grid points to reach a com-
case, theSPy -solutions approximate the temperature com- parable solution quality. The solution of the full RHTE is
puted from the full RHTE very well. In contrast to the Rosse- done on a100x 100 x 100)-grid, yielding a linear system
land approximation, they exhibit physically correct bound- with 480 million unknowns which has to be solved in each
ary layers as can be seen from Figs. 6 and 7. To accuratelytime step. The third-order ROS3P-method needs not more
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than 20 adaptive time steps to integrate each of the systems|6] Fluent, Fluent5 Users Guide, Fluent Inc., Lebanon NH, USA, 1999.
in time. [7] B. van der Linden, Radiative heat transfer in glass, PhD thesis, Tech-
nische Universiteit Eindhoven, 2002.

N . . . 8] S. Chandrasekhar, Radiative Transfer, Oxford University Press, Lon-
Computing times.  Using the method described above with- []don l%nSOrase an, radlative Transier, Bxiord niversty Fress, ton

out adaptivity in space and time the computing times for [g] r. Koch, W. Krebs, S. Wittig, R. Viskanta, Discrete ordinate quadra-

the Rosseland approximation, tBe;- andSP3-model scale ture schemes for multidimensional radiative transfer, J. Quant. Spect.
up like 1:7:14. The solution of the RHTE problem by the Rad. Transfer 53 (1995) 353-372.

multigrid method studied in [25] takes again approximately [10] S. Rosseland, Theoretical Astrophysics. Atomic Theory and the

. . . Analysis of Stellar Atmospheres and Envelopes, Clarendon Press, Ox-
twice as much time as th8P3-solution for the same ac- ford y1936 P P

curacy..Ada}ptivity in space and time yield a decre_ase Of [11] F. Lentes, N. Siedow, Three-dimensional radiative heat transfer

computing times by a factor of 20 to 100. TBB3-solution in glass cooling processes, Glass Sci. Technol./Glasstechnische
shown in Fig. 5 can be computed on a normal workstation in Berichte 72 (6) (1999) 188-196.

about 10 hours. Adaptivity reduces computing times consid- [12] E.M. Gelbard, Simplified spherical harmonics equations and their use

bl I bli h lex tasks to b in shielding problems, Technical Report WAPD-T-1182, Bettis Atomic
erably as well as enabling much more complex tasks to be Power Laboratory, 1961.

solved. [13] E.W. Larsen, J.E. Morel, J.M. McGhee, Asymptotic derivation of the
multigroup P, and simplifiedPy equations with anisotropic scatter-
ing, Nuclear Sci. Engrg. 123 (1996) 328.
6. Conclusion [14] E.W. Lgrserl, G. Thdmmes, A Klar, M..Seja'l'd, T. Gotz, Simplifiad '
approximations to the equations of radiative heat transfer and applica-
. tions, J. Comput. Phys. 183 (2002) 652—675.

We have presented a fully adaptive approach to solve [15] 3. Lang, Adaptive Multilevel Solution of Nonlinear Parabolic PDE
simplified Py-approximations of the radiative heat trans- Systems. Theory, Algorithm, and Applications, Lecture Notes in Com-
fer equation. In order to demonstrate the potential of this put. Sci. and Engrg., vol. 16, Springer, Berlin, 2000.
method, we considered a practically relevant annealing [16] J. Lang, B. Erdmann, Adaptive linearly implicit methods for heat and

roblem arising in alass manufacturing. As already known mass transfer problems, in: A.V. Wouver, P. Saucez, W.E. Schiesser
p g 9 g. y (Eds.), Adaptive Methods of Lines, CRC Press, Boca Raton, FL, 2001,

from earlier intensive numerical investigations, t8ey- pp. 295-316.

equations are a relatively inexpensive way to improve the [17] H.H. Rosenbrock, Some general implicit processes for the numerical
accuracy of classical diffusion models. Compared to the solution of differential equations, Comput. J. 5 (1963) 329-331.
solution of full radiative heat transfer equations, the com- [18] J. Lang, J. Verwer, ROS3P—an accurate third-order Rosenberg solver

lexit d ter i id bl d d. Eurth designed for parabolic problems, BIT 41 (2001) 730-737.
plexity and computer ime are considerably reduced. Fur er[19] E. Hairer, G. Wanner, Solving Ordinary Differential Equations II,

reduction can be achieved by fully adaptive discretization second revised ed., Springer Series in Computational Mathematics,

methods steered by robust a posteriori error estimators. Springer, Berlin, 1996.
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