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Abstract

This paper presents numerical models of radiative heat transfer in glass manufacturing that can be performed on normal wo
yet are sufficiently accurate for many practical applications. Since many of the glass production processes are so complex that
simulation is still unthinkable at present, there is a great interest for such models in order to optimise final glass products. We use
approximations of spherical harmonics to obtain approximate solutions of high accuracy in optically thick regimes. The arising sy
partial differential-algebraic equations of mixed parabolic–elliptic type are numerically solved by a self-adaptive discretization methd
on an error-controlled finite element method in space and a one-step method of Rosenbrock-type with variable step sizes in time. T
itself judges the quality of the numerical solutions and determines adaptive strategies to keep the discretization error below a user
tolerance. Multilevel techniques based on reliable and efficient a posteriori error estimators and time embedding are used to im
spatial discretization by local refinement and to steer the step size selection routine. We present numerical results for a typical st
manufacturing, the cooling of a glass cube. Our approximate solutions are validated with solutions to the full radiative transport equ
compared to Rosseland approximations widely used in the engineering practice. The results show that simplified approximations o
harmonics are efficient and sufficiently accurate. They are a significant improvement of the classical diffusion models.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

Radiative heat transfer plays an important role in gl
manufacturing. Because of the high temperature at w
glass is processed, radiation has to be taken into accou
accurately compute the temperature distribution in the gl
The temperature has large influence on the precise chem
composition, the viscosity and the internal stresses aff
ing the quality of the resulting products or devices. Cra
and other defects may cause a high failure rate of finis
end-products. Due to the growing success of the polyme
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dustry in many areas, the glass industry is in great need
efficient simulation tools in order to optimise glass prod
tion processes.

Thermal radiation has to be modelled by equations
involve the direction- and frequency-dependent thermal r
ation field due to the energy transport by photons. The m
we consider consists of a heat equation for the tempera
T (x, t) and a transport equation with isotropic scattering
the intensityI (x, t, ν, s):

ρmcm∂tT − ∇ · (kc∇T ) = −
∞∫

ν0

∫
S2

κ
(
Bm(T , ν) − I

)
ds dν

(1)

∀ν > ν0: s · ∇I + (σ + κ)I = σ

4π

∫
S2

I ds + κBm(T , ν)

(2)



1014 A. Klar et al. / International Journal of Thermal Sciences 44 (2005) 1013–1023
Nomenclature

a1, a2 constants
Bm Planck function
bi coefficient of ROM
c speed of light in the medium
c0 speed of light in vacuum
cm specific heat capacity
cij coefficients of ROM
d space dimension
d1, d2 constants
e local spatial error
hc convective heat transfer coefficient
hP Planck constant
I Intensity
J Jacobian
kB Boltzmann constant
kc thermal conductivity
kr thermal conductivity caused by radiation
Ln linear differential operator
n outward normal vector
nm refractive index
na refractive index of air
ng refractive index of glass
Qω finite element space
ROM Rosenbrock method
r1, r2 constants
s direction onS2

s′ specular reflection ofs
S2 unit sphere
S1

h finite element space
SPN simplifiedPN

t time
te final integration time
T temperature
Tb , T0 ambient and initial temperature
v, V vectors
x Cartesian spatial coordinates

Greek symbols

α mean hemispheric surface emissivity
α1, α2 constants
αij coefficient of ROM
β1, β2 constants
γ stability parameter of ROM
γ1, γ2 constants
ε dimensionless parameter
εn estimator of the local temporal error
η, ηk local discretization errors
κ , κi absorption
µ1, µ2 constants
ν frequency
ν0 upper bound of opaque spectral region
φ, φi integrated intensity
ψ1, ψ2 functions related toφ
ρ reflectivity
ρm density
σ , σi scattering
ω union of finite elements
ωi weights
Ω convex space domain
∂Ω boundary ofΩ
τi , τn time steps
Θg , Θa refraction angles in glass and air
ξ finite element ansatz function

Subscripts

m medium, or dimension of vectors
n time level
i stage level of ROM, or frequency band
ref reference quantities
h mesh width

Superscript

n time level
nd-
ers
-
,

n-

d
t.

n

c

heat
tion
where(x, t, ν, s) ∈ Ω × [0, te) × [0,∞) × S2 for the spatial,
time, frequency, and directional variables. Here,Ω is a given
two- or three-dimensional convex space domain with bou
ary ∂Ω andS2 is the unit sphere. The physical paramet
are denoted byρm for the density,cm for the specific heat ca
pacity,kc for the thermal conductivity,κ for the absorption
andσ for the scattering.

The Planck function or monochromatic black-body inte
sity is defined as

Bm(T , ν) = n2
m

c2
0

2hP ν3

ehpν/(kBT ) − 1
(3)

with hP := 6.62608× 10−34 Js for the Planck constant an
kB := 1.38066× 10−23 J·K−1 for the Boltzmann constan
The refractive indexnm is the ratio of the speed of light i
vacuum and within the medium

nm := c0

c
(4)

We introduceBair(T , ν) andBglass(T , ν) settingnm := na =
1 for air andnm := ng = 1.46 for glass in (3). The specifi
frequencyν0 defines the opaque interval[0, ν0] of the spec-
trum. On the boundary∂Ω , the temperature satisfies

kcn · ∇T = hc(Tb − T )

+ απ

ν0∫
0

(
Bair(Tb, ν) − Bair(T , ν)

)
dν (5)

where we assume the outside medium to be air. The
flux through the boundary is determined by free convec
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of the surrounding air and diffusive surface radiation [
Here,n = n(x) denotes the outward normal inx ∈ ∂Ω , hc is
the convective heat transfer coefficient,Tb the ambient tem
perature, andα is the mean hemispheric surface emissiv
in the opaque spectral region. In our computation, we
α = 0.914. The temperature at the beginning is prescri
by

T (x,0) = T0(x), x ∈ Ω (6)

Since Eq. (2) for the intensity is a first order different
equation, we need to specify incident radiation onΓ − :=
{(x, s) ∈ ∂Ω × S2: n(x) · s < 0}. It is described by semi
transparent boundary conditions

I (x, t, ν, s)

= ρ(n · s)I (x, t, ν, s′)
+ (

1− ρ(n · s)
)
Bglass(Tb, ν), (x, s) ∈ Γ − (7)

wheres′ = s−2(n · s)n is the specular reflection ofs on∂Ω .
The reflectivityρ ∈ [0,1] determines the amount of radi
tive energy that is reflected and can be found using Fres
reflection equation

ρ(n · s) = 1

2

[
tan2(Θg − Θa)

tan2(Θg + Θa)
+ sin2(Θg − Θa)

sin2(Θg + Θa)

]
(8)

where the refraction anglesΘg andΘa in glass and air are
given by cosΘg = |n · s| and by Snell’s law

ng sinΘg = na sinΘa (9)

Sincena < ng , a critical angleΘ∗
g = arcsin(na/ng) exists,

such that the refraction direction is parallel to the surfa
For angles greater thanΘ∗

g , all radiative energy is reflected
i.e., ρ = 1. We assume that the reflectivity does not dep
on frequency. Since not much data is available about th
flective interaction between glass and opaque boundarie
do not distinguish between opaque and nonopaque pa
the spectrum at the boundary. Note that many physica
sumptions have to be taken into account to derive well-po
models for radiative heat transfer. For more details on th
assumptions, we refer to [2–4].

Eqs. (1)–(7) form our radiative heat transfer model. T
intensityI is not only a function of the spatial coordinate a
the time, but also depends on two directional coordinates
the frequency. Even with the permanently growing compu
power, this high dimension of the phase space makes
numerical solution of the radiative heat transfer equati
(RHTE) difficult and expensive, especially in real-life thre
dimensional applications. Nowadays there is an increa
activity to derive numerical models for the RHTE that a
computationally less time consuming, yet sufficiently ac
rate. Among others, we find the ray-tracing method [5
which solves (2) exactly along rays for a given tempera
distribution, the discrete ordinate method, where only a
nite number of directions is considered [8,9], the method
spherical harmonics (PN -approximations), and various di
fusion approximations. The Rosseland approximation [
f

is the simplest diffusion approximation and therefore
fastest method for radiative heat transfer. Although its
sumptions are often invalid, it is widely used in existi
simulations of glass production. Improved diffusion appr
imations are proposed in [11].

In this paper, we consider simplifiedPN -approximations
(SPN ) applied to optically thick situations.SPN -approxima-
tions were firstly proposed by Gelbard [12] and later
theoretically founded by Larsen et al. [13]. In [14] theSPN -
equations have been tested fairly extensively for various
diation transfer problems in glass and have proven to b
efficient way to improve the classical diffusion approxim
tions. They yield accurate approximations to the RHTE e
when the regime becomes less diffusive.

TheSPN -approximations result in a system of partial d
ferential algebraic equations (PDAE) of mixed parabol
elliptic type. This PDAE-system can then be attacked b
fully adaptive discretization method which is able to jud
the quality of the numerical approximation and to determ
an adaptive strategy to improve the accuracy up to a u
prescribed tolerance where needed. In this work, we
a combination of an error-controlled finite element meth
based on local grid refinement and an efficient variable
size one-step method of linearly implicit type [15,16]. Mu
tilevel techniques based on reliable and efficient a poste
error estimators and time embedding are used to improv
spatial discretization in each time step and to steer the
size selection routine. These features free us from desig
special fixed meshes and step sizes where a priori knowl
about the regions of main solution activities is required
from tuning various solution parameters. The method sa
a vast amount of computer power and can be performe
normal workstations.

The paper is organized as follows. First, we formul
simplified SPN -approximations in dimensionless form a
state models that are based on frequency bands with p
wise constant absorption and scattering rates. Then we
scribe our adaptive time and space discretizations. Fin
numerical two- and three-dimensional simulations are
sented and a conclusion is given.

2. Simplified PN -approximations

We rewrite the RHTE in a dimensionless form, introdu
ing the following non-dimensional variables

t∗ = t

tref
, x∗ = x

xref
, T ∗ = T

Tref
, I ∗ = I

Iref

σ ∗ = σ

σref + κref
, κ∗ = κ

σref + κref

k∗
c = kc

kc,ref
, h∗

c = hc

hc,ref

where the subscript ref corresponds to reference quant
We impose the relations
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tref = cmρm(σref + κref)x
2
ref

Tref

Iref

kc,ref = Iref

(σref + κref)Tref
, hc,ref = Iref

Tref

and introduce the dimensionless parameter

ε := 1

(σref + κref)xref

which satisfies 0< ε � 1 in the optically thick, diffusive
regime. The system of scaled equations reads

ε2∂tT − ε2∇ · (kc∇T )

= −
∞∫

ν0

∫
S2

κ
(
B∗

glass(T , ν) − I
)
ds dν (10)

εs · ∇I + (σ + κ)I

= σ

4π

∫
S2

I ds + κB∗
glass(T , ν) ∀ν > ν0 (11)

εkcn · ∇T

= hc(Tb − T ) + απ

ν0∫
0

(
B∗

air(Tb, ν) − B∗
air(T , ν)

)
dν (12)

I (x, t, ν, s)

= ρ(n · s)I (x, t, ν, s′) + (
1− ρ(n · s)

)
B∗

glass(Tb, ν) (13)

T (x,0) = T0(x) (14)

where we have dropped the asterisk of the dimension
variables for ease of notation. The expressionB∗

m(T , ν) is
defined by

B∗
m(T , ν) := Bm(T · Tref, ν)

Iref

If scattering is large and absorption weak, an asymptotic
ε � 1) expansion of (10)–(14) yields theequilibrium diffu-
sion or Rosseland approximation

∂tT − ∇ · ((kc + kr(T )
)∇T

) = 0

kr(T ) = 4π

3

∞∫
ν0

1

σ + κ
∂T B∗

glass(T , ν)dν (15)

εkcn · ∇T

= hc(Tb − T ) + απ

ν0∫
0

(
B∗

air(Tb, ν) − B∗
air(T , ν)

)
dν (16)

T (x,0) = T0(x) (17)

Unfortunately, this relatively simple diffusion approxim
tion gives unsatisfactory results for boundary layers wh
are already present in glass cooling processes due to
temperature gradients at the boundary.

Recently, higher-order asymptotic corrections inε to
the Rosseland approximation known as simplifiedPN -
approximations (SPN ) have been derived and numerica
e

tested [4,14]. These models are able to describe boun
layers more accurate while keeping the computational c
plexity on an acceptable level.

TheSP1-approximation for the RHTE reads

∂tT − ∇ · (kc∇T ) =
∞∫

ν0

∇ ·
(

1

3(σ + κ)
∇φ

)
dν (18)

−ε2∇ ·
(

1

3(σ + κ)
∇φ

)
+ κφ

= 4πκB∗
glass(T , ν) ∀ν > ν0 (19)

with the integrated intensityφ = ∫
S2 I ds and the boundary

and initial conditions

kcn · ∇T = hc

ε
(Tb − T )

+ απ

ε

ν0∫
0

(
B∗

air(Tb, ν) − B∗
air(T , ν)

)
dν (20)

ε

3(σ + κ)
n · ∇φ = 1− 2r1

2+ 6r2

(
4πB∗

glass(Tb, ν) − φ
)

(21)

T (x,0) = T0(x) (22)

wherer1 = 0.2855742 andr2 = 0.1452082 for the glass–a
boundary interface (see [14] for a detailed analysis). F
(19), we getφ = 4πB∗

glass(T , ν)+ O(ε2). Using this relation
in (18), we recover the Rosseland approximation (15).

TheSP3-approximation is given by

∂tT − ∇ · (kc∇T )

=
∞∫

ν0

∇ ·
(

1

σ + κ
∇(a1ψ1 + a2ψ2)

)
dν (23)

−ε2∇ ·
(

µ2
1

σ + κ
∇ψ1

)
+ κψ1

= 4πκB∗
glass(T , ν) ∀ν > ν0 (24)

−ε2∇ ·
(

µ2
2

σ + κ
∇ψ2

)
+ κψ2

= 4πκB∗
glass(T , ν) ∀ν > ν0 (25)

with the boundary and initial conditions

kcn · ∇T = hc

ε
(Tb − T )

+ απ

ε

ν0∫
0

(
B∗

air(Tb, ν) − B∗
air(T , ν)

)
dν (26)

ε

σ + κ
n · ∇ψ1 = γ1πB∗

glass(Tb, ν) − α1ψ1 − β2ψ2 (27)

ε

σ + κ
n · ∇ψ2 = γ2πB∗

glass(Tb, ν) − β1ψ1 − α2ψ2 (28)

T (x,0) = T0(x) (29)

The constants appearing in the equations are
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(
5+ (−1)n

√
5

6

)

µ2
n = 1

7

(
3+ 2(−1)n

√
6

5

)
, n = 1,2

The integrated intensityφ can be recovered from a line
combination ofψ1 andψ2

φ = d2ψ1 − d1ψ2

d2 − d1

with dn = 5

7

(
1+ 3(−1)n

√
6

5

)
, n = 1,2 (30)

For the boundary conditions, we find for the glass–air in
face [14]

α1 = 0.084075389781548382

α2 = 0.872433935441263020

β1 = −0.08086509944859642

β2 = −0.29284032175563224

γ1 = −0.83505972789633554

γ2 = 3.1662753439706663

The SP1- and SP3-equations are independent of the dire
tional variables. They are O(ε2)- and O(ε6)-approximations
to the full RHTE. Numerical simulations presented in
14] and in the present paper show that these equations
accurate results in the optically thick and diffusive regi
(ε � 1), but also when the problem becomes less diffus
The boundary conditions described above are obtained
variational principles and, in special cases, reduce to M
shak boundary conditions which are well-known in neut
transport.

3. Frequency bands model

TheSPN -approximations still contain the frequency va
ableν. In simulations of glass cooling, frequency is usua
split up into frequency bands[νi−1, νi], i = 1,2, . . . ,N,

with νN = ∞ and piecewise constant absorption and s
tering rates

κ(ν) = κi, σ (ν) = σi

for ν ∈ [νi−1, νi], i = 1, . . . ,N (31)

Defining the new variables

φi :=
νi∫

νi−1

φ dν, ψn,i :=
νi∫

νi−1

ψn dν, n = 1,2 (32)

and integrating Eqs. (19), (21), (24), (25), (27), and (28) o
[νi−1, νi], we finally end up with a system ofN + 1 and
2N + 1 partial differential–algebraic equations (PDAEs)
theSP1- andSP3-approximation, respectively.
SP1-approximation.

∂tT − ∇ · (kc∇T ) =
N∑

i=1

∇ ·
(

1

3(σi + κi)
∇φi

)
(33)

−ε2∇ ·
(

1

3(σi + κi)
∇φi

)
+ κiφi

= 4πκi

νi∫
νi−1

B∗
glass(T , ν)dν, i = 1, . . . ,N (34)

kcn · ∇T +
N∑

i=1

1

3(σi + κi)
n · ∇φi

= hc

ε
(Tb − T ) + απ

ε

ν0∫
0

(
B∗

air(Tb, ν) − B∗
air(T , ν)

)
dν

+ 1− 2r1

ε(2+ 6r2)

N∑
i=1

(
4π

νi∫
νi−1

B∗
glass(Tb, ν)dν − φi

)
(35)

ε2

3(σi + κi)
n · ∇φi

= ε(1− 2r1)

2+ 6r2

(
4π

νi∫
νi−1

B∗
glass(Tb, ν)dν − φi

)

i = 1, . . . ,N (36)

T (x,0) = T0(x) (37)

SP3-approximation.

∂tT − ∇ · (kc∇T )

=
N∑

i=1

∇ ·
(

1

σi + κi

∇(a1ψ1,i + a2ψ2,i )

)
(38)

−ε2∇ ·
(

µ2
1

σi + κi

∇ψ1,i

)
+ κiψ1,i

= 4πκi

νi∫
νi−1

B∗
glass(T , ν)dν, i = 1, . . . ,N (39)

−ε2∇ ·
(

µ2
2

σi + κi

∇ψ2,i

)
+ κiψ2,i

= 4πκi

νi∫
νi−1

B∗
glass(T , ν)dν, i = 1, . . . ,N (40)

kcn · ∇T +
N∑

i=1

1

σi + κi

n · (a1∇ψ1,i + a2∇ψ2,i )

= hc

ε
(Tb − T ) + απ

ε

ν0∫ (
B∗

air(Tb, ν) − B∗
air(T , ν)

)
dν
0
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+ π

ε
(a1γ1 + a2γ2)

∞∫
ν0

B∗
glass(Tb, ν)dν

− 1

ε

N∑
i=1

(
(a1α1 + a2β1)ψ1,i + (a1β2 + a2α2)ψ2,i

)
(41)

ε2µ2
1

σi + κi

n · ∇ψ1,i

= εµ2
1

(
γ1π

νi∫
νi−1

B∗
glass(Tb, ν)dν − α1ψ1,i − β2ψ2,i

)
(42)

ε2µ2
2

σi + κi

n · ∇ψ2,i

= εµ2
2

(
γ2π

νi∫
νi−1

B∗
glass(Tb, ν)dν − β1ψ1,i − α2ψ2,i

)
(43)

i = 1, . . . ,N

T (x,0) = T0(x) (44)

The boundary conditions are formulated in such a way
they can be directly used in a variational formulation of
underlying PDAEs.

The SPN -equations described here give accurate res
for many problems in glass manufacturing. Neverthele
more detailed investigation of the applicability of the a
proximations in special cases like systems with void regi
and nonconvex domains has to be performed. For further
cussions we refer to [14] and the literature given there.

4. Adaptive time and space discretizations

Each of the systems described above can be written
abstract form of a quasilinear initial-value problem

H∂tv + ∇ · J(v) + R(v) = 0 in Ω × [0, te) (45)

v(t = 0) = v0 in Ω (46)

where

v =




T for the Rosseland approximation

(T ,φ1, . . . , φN)T

for theSP1-approximation

(T ,ψ1,1,ψ2,1, . . . ,ψ1,N ,ψ2,N )T

for theSP3-approximation

is the m-dimensional solution vector withm = 1,N +
1,2N + 1, respectively. Them × m-matrix H is diagonal
and has one nonzero entry, i.e.,H = diag(1,0, . . . ,0). The
first component of the source vectorR(v) that correspond
to the temperature vanishes. The flux vectorJ(v) is supple-
mented with the boundary conditions stated above. In
values forφi,ψ1,i ,ψ2,i , i = 1, . . . ,N , have to be calculate
from the linear elliptic equations settingT = T0 in (34), (39)
and (40).

The principle difficulties in solving the system (45), (4
numerically are the strong nonlinearities, the differenti
algebraic structure, and the presence of differential opera
making the problem infinitely stiff. In such a situation,
implicit or semi-implicit discretization method should be a
plied to integrate in time. We use linearly implicit metho
of Rosenbrock type which are constructed by working
exact Jacobian directly into the formula—an idea which w
first proposed by Rosenbrock [17]. Applied to (45), (46
so-calleds-stage Rosenbrock method has the recursive f

vn = vn−1 +
s∑

i=1

biVn
i (47)

(
H

γ τn

+ A(vn−1)

)
Vn

i

=
i−1∑
j=1

cij

τn

HVn
j − ∇ · J

(
vn−1 +

i−1∑
j=1

αij Vn
j

)

− R

(
vn−1 +

i−1∑
j=1

αij Vn
j

)
, i = 1, . . . , s (48)

where vn denotes an approximation ofv(tn) at tn =∑
i=1,...,n τi and A is the Jacobian matrix∂(∇ · J(v) +

R(v))/∂v. The coefficientsγ , αij , cij , and bi are chosen
to obtain good stability properties for stiff equations an
desired order of consistency. In this work, we have used
third-order Rosenbrock solver ROS3P with three stages
posed in [18]. The corresponding coefficients are prese
in Table 1. The fundamental idea of linearly implicit me
ods is that for the calculation of the intermediate valuesVn

i ,
i = 1, . . . , s, only a sequence of linear systems with one
the same operator have to be solved. An iterative New
method as known from (fully) implicit time discretization
is no longer required. More details can be found in [19].

The specific structure of the Rosenbrock method (4
(48) allows us to construct an embedded solution of infe
order

v∗
n = vn−1 +

s∑
i=1

b∗
i Vn

i (49)

replacing the coefficientsbi in (47) by a different set of co
efficientsb∗

i . The embedded solution of ROS3P has or

Table 1
Set of coefficients for the 3-stage ROS3P method [18]

γ = 7.886751345948129e−01

α21 = 1.267949192431123e+00 c21 = 1.607695154586736e+00
α31 = 1.267949192431123e+00 c31 = 3.464101615137755e+00
a32 = 0.000000000000000e+00 c32 = 1.732050807568877e+00

b1 = 2.000000000000000e+00 b∗
1 = 2.113248654051871e+00

b2 = 5.773502691896258e−01 b∗
2 = 1.000000000000000e+00

b3 = 4.226497308103742e−01 b∗
3 = 4.226497308103742e−01
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two. The difference between the two solutions is then u
to estimate the local temporal error by

εn := ‖vn − v∗
n‖Ω (50)

In practical applications it is often decisive to choose
norm carefully in order to reflect accurately the scale of
problem. We employ here the weighted root mean squ
norm

‖vn − v∗
n‖Ω :=

(
1

m

m∑
i=1

‖vn,i − v∗
n,i‖2

L2(Ω)

w2
i

)1/2

(51)

with weights

wi = ATOLi + RTOLi‖Un,i‖L2(Ω) (52)

Here,Un = (Un,1, . . . ,Un,m) should be a good approxima
tion to the actual solution att = tn. The values ATOLi and
RTOLi have to be selected carefully to furnish meaning
input for the error control.

Given a tolerance TOLt for the time discretization, a stan
dard strategy is to choose the step size of the time step
cording to

τn+1 = τn

τn−1

(
TOLt εn−1

ε2
n

)1/3

τn (53)

The proposed stepτn+1 is then executed. If the new erro
εn+1 computed from (50) is less than TOLt the solution
vn+1 is accepted. Otherwise, the solution is rejected and
time step is repeated with a reduced value ofτn+1. Formula
(53) is related to a discrete PI-controller first established
Gustafsson et al. [20].

The linear problems (47), (48) have to be solved for
intermediate valuesVn

i , i = 1, . . . , s. To get the right bound
ary conditions, the Rosenbrock scheme (47), (48) mus
also applied to the nonlinear algebraic equations descri
the solution on the boundary. The arising elliptic boun
ary value problems are solved by a multilevel finite elem
method. The main idea of the multilevel technique cons
of replacing the solution space by a sequence of disc
spaces with successively increasing dimensions to imp
the approximation property. It has proven to be a useful
for drastically reducing the size of the arising linear syste
and to achieve high and controlled accuracy of the sp
discretization [15,21,22].

The starting point of the finite element method is the w
formulation of (47), (48). LetΩh be a permissible triangu
lation of Ω ⊂ R

d into finite elements and letS1
h consists of

all continuous vector functions the components of which
polynomials of first order on each element. We use trian
for d = 2 and tetrahedra ford = 3. The finite element ap
proximationsVn

i,h ∈ S1
h, i = 1, . . . , s, have then to satisfy th

equations(
LnVn

i,h, ξ
) = (

rn
i , ξ

)
for all ξ ∈ S1

h (54)

whereLn is the weak representation of the differential op
ator at the left-hand side in (48) andrn stands for the entire
i
-

right-hand side of theith equation in (48). Since the ope
ator Ln is independent ofi its calculation is required onl
once within each time step.

After computing the approximate intermediate valu
a posteriori error estimators can be utilized to give s
cific assessment of the error distribution. The spatial er
en
i = Vn

i −Vn
i,h are estimated by solving local Dirichlet pro

lems on small subdomains. Letω be the union of two el-
ements having one common edge and letQω consists of
all continuous vector functions the components of wh
are polynomials of second order on each element belon
to ω. The local errorsen

i are then approximated byen
i,h ∈ Qω

satisfying(
Lnen

i,h, ξ
) = (

rn
i

(
en

1,h + Vn
1,h, . . . , en

i−1,h + Vn
i−1,h

)
− LnVn

i,h, ξ
)

(55)

en
i,h = 0 on∂ω i = 1, . . . , s, for all ξ ∈ Qω (56)

Once the approximate local spatial errors have been c
puted, we can estimate the local error of the discrete Ro
brock solutionvn,h = vn−1,h + ∑

i=1,...,s biVn
i,h by

η :=
∥∥∥∥∥P vn−1,h +

s∑
i=1

bien
i,h

∥∥∥∥∥
ω

(57)

Here,P vn−1,h stands for the projection error resulting fro
representing the old solutionvn−1,h on the new mesh de
signed forvn,h. The error estimatorη is an asymptotically
upper bound for the norm of the local error. For more
tails, we refer the interested reader to [15]. The estima
procedure is applied all over the computational domain
order to produce a nearly optimal finite element mesh, s
domainsωk having an errorηk larger than the mean squa
value of all errors are refined. In the two-dimensional ca
elements marked for refinement are divided into four c
gruent triangles (red refinement). After that triangles wit
two or three refined edges are compulsory refinedred; tri-
angles with only one refined edge are subdivided into
triangles (green closure).Green elements are removed b
fore the next refinement to avoid bad geometric propertie
the triangulation. This refinement strategy has been succ
fully extended to three space dimensions and is nowa
standard (see, e.g., [15] and references therein).

The refinement technique described above equilibr
the local error over the whole mesh in several iterations
improves the finite element solution until a fixed spatial t
erance(∑

k

η2
k

)1/2

� TOLx (58)

is achieved. Coarsening takes place only after an acce
time step before starting the multilevel process. We iden
regions of small errors by theirη-values. We coarsen a re
gion ω if η does not exceed a quarter of the mean squ
value of allηk computed for the finest mesh.

The linear systems are solved by the BICGSTAB–algo-
rithm preconditioned with an ILU–method.
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5. Numerical simulations

The application that we study in our numerical sim
lations, is the cooling of a glass cube representing a
ical fabrication step in glass manufacturing. We cons
clean glass, which means that the treatment of scatte
can be omitted. The nonopaque frequency interval(ν0,∞)

is approximated by an eight-band model kindly provided
ITWM [23]. Since the data are originally defined by wav

Table 2
Absorption rates of an eight frequency bands model kindly provided
ITWM [23]

Bandi νi−1 [1013s−1] νi [1013s−1] λi [µm] λi−1 [µm] κi [m−1]
– 0 2.9334638 7.00 ∞ opaque

1 2.9334638 3.4223744 6.0 7.0 7136.00
2 3.4223744 3.7334994 5.5 6.0 576.32
3 3.7334994 4.5631659 4.5 5.5 276.98
4 4.5631659 5.1335616 4.0 4.5 27.98
5 5.1335616 5.8669276 3.5 4.0 15.45
6 5.8669276 6.8447489 3.0 3.5 7.70
7 6.8447488 102.6712329 0.2 3.0 0.50
8 102.6712329 ∞ 0.0 0.2 0.40
length intervals[λi−1, λi], we computed the correspondin
frequency bands using the relation

νi = c0

λing

The values used are given in Table 2. Furthermore, we s

kc = 1, hc = 0.001, Tb = 300

and start with a uniform temperature distributionT0(x) =
1000. The time integration is stopped att = 0.001.

Our main interest is focused on two aspects:

• How accurate areSP1- andSP3-approximations?
• What is the impact of adaptivity in space and time?

To give an answer to the first question, we validateSPN -
solutions with numerical solutions to the full RHTE f
ε = 1.0 andε = 0.1. The full RHTE is solved by a diamon
differencing discretization coupled with a discrete ordin
method which uses 60 directions [24,25]. This is for
present situation sufficient to obtain an accurate solution
the transport problem provided the spatial grid is chosen
enough. For the second aspect, we present results obt
from applying uniform methods.
re gradients

Fig. 1. Two-dimensional temperature distributions and spatial meshes onΩ = [0,1]2 resulting fromSP3-approximations atte = 0.001 forε = 1.0 (left) and
ε = 0.1 (right). The temperature axis ranges from 300 to 1000. Strong refinement takes place in the boundary layer due to the large temperatu
there.
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Fig. 2. Comparison of two-dimensional temperature distributions atte = 0.001 along the liney = 0.5 for ε = 1.0 obtained from different radiation models. Th
SP3-solution matches very well with the RHTE solution inside the glass cube. Some differences are visible in the boundary region. BothSPN -approximations
give much more accurate results than the Rosseland approximation.

Fig. 3. Comparison of two-dimensional temperature distributions atte = 0.001 along the liney = 0.5 for ε = 0.1 obtained from different radiation model
TheSP1- andSP3-solution match very well with the RHTE solution inside the glass cube. The differences in the boundary region are acceptable. Bo
give much more accurate results than the Rosseland approximation.
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Two-dimensional glass cooling. We consider an infinitely
long square glass block which allows us to use a t
dimensional approximation on the scaled square dom
Ω = [0,1]2.

In Fig. 1, we show temperature distributions at the
nal time te = 0.001 obtained for theSP3-approximation.
As expected, the strongest cooling takes place in the
ners of the computational domain. The meshes autom
cally chosen by our adaptive approach are highly refi
at the boundary caused by the steep temperature grad
there. The number of spatial points necessary to rea
relative spatial tolerance TOLx = 0.005 for ε = 0.1 ranges
from 16 000 at the beginning to 4000 at the end of
time interval. In this case, a stable uniform discretization
the two-dimensional RHTE requires the solution of a l
ear system with more than 4.8 million unknowns in each
time step, whereas the dimension of the linear algeb
systems for the adaptiveSP3-approximation is not greate
than 272 000.

In Figs. 2 and 3, theSPN -solutions are compared t
the full RHTE- and Rosseland approximation. As asym
totic analysis predicts, theSPN -solutions become better fo
smallerε. In particular, they reconstruct the temperature n
the boundary much more accurately than the Rosselan
proximation which is often used in engineering practi
Fig. 4 depicts the evolution of time steps using TOLt =
0.005. Starting with initial step sizesτ1 = 1E− 5 andτ1 =
s

-

Fig. 4. Adaptive time discretization with TOLt = 0.005 for the
two-dimensionalSP3-approximation. For both parameters,ε = 1.0 and
ε = 0.1, the time step rapidly increases, leading to a substantial savi
computer time with respect to a constant time step procedure. The last
time steps are chosen to reach exactly the final time.

1E− 6 for ε = 1.0 andε = 0.1, respectively, the time step
rapidly increase by two orders of magnitude reflecting
ongoing diffusive smoothing in the boundary layer. The l
short time steps are chosen to reach exactly the final t
Altogether 9 and 24 time steps are needed. In contra
uniform time discretization yielding the same accuracy,
quires 100 and 1000 steps, respectively.
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Fig. 5. Three-dimensional temperature distribution and adaptive spatial mesh onΩ = [0,1]3 resulting from theSP3-approximation atte = 0.001 forε = 1.0.
We removed one small cube to present details from inside the glass cube. Refinement takes place in the boundary layer due to the large temperants
there. The adaptive mesh consists of 82 705 grid points.

Fig. 6. Comparison of three-dimensional temperature distributions atte = 0.001 along the liney = z = 0.5 for ε = 1.0 obtained from different radiatio
models. TheSP3-solution matches very well with the RHTE solution, whereas the Rosseland approximation gives quite poor results.

Fig. 7. Comparison of three-dimensional temperature distributions atte = 0.001 along the liney = z = 0.5 for ε = 0.1 obtained from different radiatio
models. TheSP1- andSP3-solution match very well with the RHTE solution and give much more accurate results than the Rosseland approximation
s
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Three-dimensional glass cooling. We consider a glas
block which is represented by a scaled cubeΩ = [0,1]3.

Fig. 5 displays theSP3-solution for ε = 1.0 and the
adaptive three-dimensional grid chosen by our method
TOLx = 0.01. As already observed in the two-dimensio
case, theSPN -solutions approximate the temperature co
puted from the full RHTE very well. In contrast to the Ross
land approximation, they exhibit physically correct boun
ary layers as can be seen from Figs. 6 and 7. To accur
capture these boundary layers, the use of local refineme
essential.

The mesh shown in Fig. 5 consists of 82 705 nodes, le
ing to a linear system of order 1 405 985. A uniform meth
requires approximately 250 000 grid points to reach a c
parable solution quality. The solution of the full RHTE
done on a(100× 100× 100)-grid, yielding a linear system
with 480 million unknowns which has to be solved in ea
time step. The third-order ROS3P-method needs not m
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than 20 adaptive time steps to integrate each of the sys
in time.

Computing times. Using the method described above wi
out adaptivity in space and time the computing times
the Rosseland approximation, theSP1- andSP3-model scale
up like 1 : 7 : 14. The solution of the RHTE problem by t
multigrid method studied in [25] takes again approximat
twice as much time as theSP3-solution for the same ac
curacy. Adaptivity in space and time yield a decrease
computing times by a factor of 20 to 100. TheSP3-solution
shown in Fig. 5 can be computed on a normal workstatio
about 10 hours. Adaptivity reduces computing times con
erably as well as enabling much more complex tasks to
solved.

6. Conclusion

We have presented a fully adaptive approach to s
simplified PN -approximations of the radiative heat tran
fer equation. In order to demonstrate the potential of
method, we considered a practically relevant annea
problem arising in glass manufacturing. As already kno
from earlier intensive numerical investigations, theSPN -
equations are a relatively inexpensive way to improve
accuracy of classical diffusion models. Compared to
solution of full radiative heat transfer equations, the co
plexity and computer time are considerably reduced. Fur
reduction can be achieved by fully adaptive discretiza
methods steered by robust a posteriori error estimators.
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